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a b s t r a c t
Wavelet analysis is a universal and promising toolwith very richmathematical content and
great potential for applications in various scientific fields, in particular, in signal (image)
processing and the theory of differential equations. On the other hand distributions are
widely used in these fields. And to apply wavelet analysis in these areas it is important
to define and investigate wavelet transforms of distributions. In this paper we introduce
continuous wavelet transforms of distributions and study convergence properties of these
transforms.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Distributions are widely used as generalized solutions of partial differential equations. When a classical solution does
not exist or cannot be found due to technical difficulties, a generalized solution as usual is much easier to be established.
Distributions are also important in physics and engineering where many problems naturally lead to differential equations
whose solutions or initial conditions are distributions, such as the Dirac delta distribution.
As it is discussed in [1], within a self-contained signal theory, distributions have to be taken into account, becausewithout
them notions like impulse response or transmission function cannot be defined. There are signal functions, for example
f (t) = cosω(t), that are not of finite energy (and as a consequence they are not members of L2). Such signals are not
realizable in the physical sense but, from a theoretical point of view, they are nevertheless of great importance. The use of
the notion ‘‘impulse response’’ is also inaccurate, since the Dirac impulse δ also is not found in L2.
Thus whenwe use wavelet analysis in solving initial value problems for partial differential equations or in signal (image)
processing we should be able to define wavelet transforms of distributions.
Wavelet transforms for distributions were considered for different purposes (see e.g. [2]) and [3]. In this paper we
introduce continuous wavelet transforms of distributions with compact support and investigate convergence properties of
these transforms on the sets out of the distribution’s support. Of course, in general we cannot expect pointwise convergence
and therefore should either consider wavelets which have rapidly vanishing derivatives or introduce some regularization
methods. In the present work, like in the Fourier analysis, we introduce the Riesz means of these transforms and find
sufficient conditions for the order of Riesz means which guarantee the convergence of the continuous wavelet transforms
of distributions.
Let E(Rn) = C∞(Rn) be the space of infinitely differentiable functions on Rn with the topology of uniform convergence on
compact sets of functional sequences and all their derivatives. Let E ′(Rn) denote the space of continuous linear functionals on
E(Rn). Recall, that this conjugate space consists of all compactly supported Schwarz distributionsD ′(Rn) (i.e. the conjugate
space toC∞0 (Rn)—the space of infinitely differentiable functions onRnwith compact support). Note that any classical function
with compact support can be considered as a distribution from E ′(Rn). Moreover, considering f ∈ E ′(Rn) as a tempered
distribution one may define the Fourier transform of f (see e.g. [4]).
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For any real l, by H l(Rn)we denote the Sobolev space (see e.g. [5]). Recall, if f ∈ E ′(Rn), then we may define the norm of
H l(Rn) as
‖f ‖2H l(Rn) ≡ ‖f ‖2l,2 =
∫
Rn
(1+ |ξ |2)l|fˆ (ξ)|2dξ,
where fˆ is the Fourier transform of f ∈ E ′(Rn). We note that for smooth functions we use the following usual definition
fˆ (ξ) =
∫
Rn
f (t)eiξ tdt.
In particular, if l > 0, thenH l(Rn) is a closed subspace of L2(Rn) andH0(Rn) = L2(Rn). It should be noted that each distribution
f ∈ E ′(Rn) has a ‘‘negative smoothness’’, i.e. it belongs to the Sobolev space H−l(Rn) with some l > 0 (see e.g. [6]). For
example, Dirac delta distribution δ(x), acting to functions ϕ ∈ E(Rn) as ⟨δ, ϕ⟩ = ϕ(0), belongs to E ′(Rn). It has the Fourier
transform equal to 1, i.e. δˆ(ξ ) = 1. Therefore
‖δ‖2l,2 =
∫
RN
(1+ |ξ |2)ldξ <∞,
for any l < −n/2. Hence δ ∈ H−l(Rn) for any l > n/2.
Let f ∈ E ′(Rn)∩ H−l(Rn)with l > 0. Since f is compactly supported, it follows that there is a subdomainΩ ≡ Ω(f ) ⊂⊂
supp f such that the inequality
|⟨f , u⟩| ≤ ‖f ‖−l,2‖u‖H l(Ω) (1.1)
is valid for all u ∈ C∞(Rn), where H l(Ω) is the classical Sobolev space of functions defined onΩ with positive l.
To define continuous wavelet transforms of a distribution f ∈ E ′(Rn) one should consider only infinitely differentiable
wavelets.
Definition 1. A function ψ(x) ∈ C∞(Rn) ∩ L1(Rn) is said to be a wavelet if the following admissibility condition is satisfied∫
Rn
|ω|−n|ψˆ(ω)|2dω <∞.
Of course, a wavelet defined in this manner belongs to L2(Rn) and we assume that ‖ψ‖2 = 1 (as usual we use ‖ · ‖p to
denote the norm of Lp(Rn) spaces).
We shall consider a class of spherically symmetric wavelets, i.e. waveletsψ forwhich there is a functionϱ(r) : [0,∞)→ C
such that ψ(x) = ϱ(|x|) (see e.g. [7]). Obviously for this class of wavelets the Fourier transform ψˆ(ξ) is also spherically
symmetric. Namely, for some η(t) : [0,∞)→ C one has
ψˆ(ξ) = η(|ξ |). (1.2)
It should be noted that the admissibility condition and the fact that ψˆ ∈ L2(Rn) immediately imply the following.
Cψ =
∫ ∞
0
|η(t)|2
t
dt <∞, (1.3)∫ ∞
0
|η(t)|2tn−1dt <∞. (1.4)
Next we generate a doubly-indexed family of wavelets from a spherically symmetric waveletψ by dilating by the factor
a > 0 and then translating by b ∈ Rn:
ψa,b(x) = a−n/2ψ

x− b
a

.
If we considerψa,b(x) as a function of x, it belongs to C∞(Rn). Therefore a distribution f ∈ E ′(Rn) can act on this function.
Definition 2. The continuous wavelet transform of f ∈ E ′(Rn) associated with ψ is defined by
(Tf )(a, b) = ⟨f , ψa,b⟩.
Now we can introduce partial wavelet transformsWλf (x).
Definition 3. For f ∈ E ′(Rn) and λ > 0 we define partial wavelet transformWλf (x) as
Wλf (x) = C−1ψ
∫ ∞
λ
da
an+1
∫
Rn
(Tf )(a, b)ψa,b(x)db.
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Finally for s ≥ 0 and λ > 0 we define the Riesz means of order s of the partial wavelet transformsWλf (x) as
W sλf (x) = C−1ψ
∫
a>λ

1− λ
2
a2
s da
an+1
∫
Rn
(Tf )(a, b)ψa,b(x)db. (1.5)
Themain goal of the present paper is to investigate the uniform convergence ofW sλf (x) to a given distribution f ∈ E ′(Rn)
on subsets on which f coincides with a continuous function. Our main result is the following statement.
Theorem 1.1. Let f ∈ E ′(Rn) ∩ H−l(Rn) and l > 0. If s ≥ (n− 1)/2+ l, then
lim
λ→0+W
s
λf (x) = 0
uniformly with respect to x ∈ K for any compact subset K ⊂ Rn \ supp f .
This, together with results of our work [8], implies the following corollary.
Corollary 1.2. Let f ∈ E ′(Rn) ∩ H−l(Rn), l > 0 and let the distribution f coincide with a continuous function g(x) in a domain
Ω . If s ≥ (n− 1)/2+ l, then
lim
λ→0+W
s
λf (x) = g(x)
uniformly on each compact set K ⊂ Ω .
These statements are true in fact for distributions from the Sobolev classes E ′(Rn)∩W−lp (Rn), l > 0, when the Riesz order
satisfies the condition s ≥ (n − 1)/p + l (for eigenfunction expansions and Fourier integrals in particular it was obtained
in [9]). But for these distributions the proofs will be technically more complicated.
We note that convergence properties of spectral decompositions (in particular the multiple Fourier series and integrals)
of distributions were studied in a number of papers (see, e.g. [10,11,9]).
2. Spherical wavelet transform and Fourier integrals
In this section following Rao et al. [12] we establish a connection between the Riesz meansW sλf (x) and the Riesz means
of the multiple Fourier integrals of a distribution f ∈ E ′(Rn) ∩ H−l(Rn), where l is from here on a positive number. This
connection will enable us to use known results from Fourier analysis.
Let ψ be a spherically symmetric wavelet. First we suppose that f ∈ L2(Rn). Then
(Tf )(a, b) ≡
∫
Rn
f (x)ψa,b(x)dx = f ∗ ψa,0(b). (2.1)
Therefore applying the Fourier transform to this convolution we have
[(Tf )(a, ·)]ˆ(ω) = an/2 fˆ (ω)ψˆ(aω). (2.2)
If we denote the inner integral in (1.5) by
G(a, x) =
∫
Rn
(Tf )(a, b)ψa,b(x)db,
then using the Plancherel theorem and formula (2.2) one can show that
G(a, x) = an/(2π)n
∫
Rn
fˆ (ω)eiωx|ψˆ(aω)|2 dω.
Hence the Riesz means (1.5) will have the form
W sλf (x) = (2π)−nC−1ψ
∫
a>λ

1− λ
2
a2
s da
a
∫
Rn
fˆ (ω)eiωx|ψˆ(aω)|2 dω.
Now recalling (1.2), we apply the Fubini theorem to this integral to obtain
W sλf (x) = (2π)−nC−1ψ
∫
Rn
fˆ (ω)eiωx dω
∫
a>λ

1− λ
2
a2
s
|ψˆ(aω)|2 da
a
= (2π)−nC−1ψ
∫
Rn
fˆ (ω)eiωx dω
∫
a>λ|ω|

1− λ
2|ω|2
a2
s
|η(a)|2 da
a
= (2π)−nC−1ψ
∫ ∞
0
|η(a)|2
a
da
∫
|ω|<a/λ

1− λ
2|ω|2
a2
s
fˆ (ω)eiωx dω.
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It is not difficult to show that the application of the Fubini theorem is justifiable due to (1.4) and the estimate∫
|ω|≤a/λ

1− λ
2|ω|2
a2
s
|fˆ (ω)|dω ≤ C
 a
λ
n/2 ‖fˆ ‖2.
Thus for all f ∈ L2(Rn) one has
W sλf (x) = C−1ψ
∫ ∞
0
Esa/λf (x)|η(a)|2
da
a
, (2.3)
where
Esµf (x) = (2π)−n
∫
|ω|<µ

1− |ω|
2
µ2
s
fˆ (ω)eiωx dω
is the Riesz means for the spherical Fourier integral. In particular,
E0µf (x) = Eµf (x) = (2π)−n
∫
|ω|<µ
fˆ (ω)eiωx dω
is a partial spherical Fourier integral.
Formula (2.3) establishes the relation between the Riesz means of wavelet transform and the Riesz means of spherical
Fourier partial integrals of any function f ∈ L2(Rn). Our next step is to extend this formula for distributions f ∈ E ′(Rn) ∩
H−l(Rn) and for any s ≥ (n− 1)/2+ l. Any of such distributions, as mentioned above, has a compact support, and we obtain
formula (2.3) not for all x ∈ Rn, but only for x ∈ Rn \ supp f .
To do this we rewrite spherical Fourier partial integrals of f ∈ L2(Rn) in a different form:
Esµf (x) =
∫
Rn
θ s(x, y, µ)f (y)dy, (2.4)
with the kernel
θ s(x, y, µ) = (2π)−n
∫
|ω|<µ

1− |ω|
2
µ2
s
eiω(x−y) dω.
On the other hand from (2.1) one has
W sλf (x) = C−1ψ
∫ ∞
λ

1− λ
2
a2
s ∫
Rn
f (y)
∫
Rn
ψa,0(b− y)ψa,b(x)dbdyda
an+1
. (2.5)
Applying (2.4) and (2.5) to (2.3), we obtain a formula which is still valid for L2-functions but on both sides of this formula
there is no more fˆ but only f .
Let f ∈ E ′(Rn) ∩ H−l(Rn) be a fixed distribution and K ⊂ Rn \ supp f be any compact. Alimov [10] (see also
[11], Lemma 3) investigated (2.4) and proved for any s ≥ (n− 1)/2+ l the following, uniform on K , estimate
sup
µ>0
|Esµf (x)| ≤ CK‖f ‖−l,2. (2.6)
Therefore the right hand side of (2.3) with (2.4) applied is bounded above by CK‖f ‖−l,2.
Now consider the left hand side of (2.3). Due to (1.1) from (2.5) one has
|W sλf (x)| ≤ C‖f ‖−l,2
∫ ∞
λ
‖ψa,0‖H l(Ω)‖ψa,b‖1
da
an+1
≤ C‖f ‖−l,2‖ψ‖H l(Ω)‖ψ‖1
∫ ∞
λ
a−n/2−l−1da ≤ Cλ‖f ‖−l,2‖ψ‖H l(Ω)‖ψ‖1.
Obviously formula (2.3) is valid for every C∞0 (Rn)-function, i.e. it is valid on a dense subspace ofE ′(Rn)∩H−l(Rn). Therefore
we obtain from the above estimates of right and left hand sides of (2.3) the following assertion.
Lemma 2.1. The equality (2.3) is valid for any f ∈ E ′(Rn)∩H−l(Rn) on every compact K ⊂ Rn\supp f whenever s ≥ (n−1)/2+l.
To prove our main result we need also the following localization theorem for the multiple Fourier integrals, proved by
Alimov [10].
Theorem 2.2. Let f ∈ E ′(Rn) ∩ H−l(Rn), l > 0 and s ≥ (n − 1)/2 + l. Then limλ→∞ Esλf (x) = 0 uniformly with respect to
x ∈ K for any compact subset K ⊂ Rn \ supp f .
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3. Proofs of Theorem 1.1 and Corollary 1.2
Proof of Theorem 1.1. Let f ∈ E ′(Rn) ∩ H−l(Rn), l > 0 and s ≥ (n − 1)/2 + l. Let K be any compact subset of Rn \ supp f .
Then according to Lemma 2.1 for every x ∈ K one has the estimate
|W sλf (x)| ≤ C−1ψ
∫ ∞
0
|Esa/λf (x)|
|η(a)|2
a
da.
For any A > 0 estimate (2.6) implies
|W sλf (x)| ≤ CKC−1ψ ‖f ‖−l,2
∫ A
0
|η(a)|2
a
da+ C−1ψ
∫ ∞
A
|Esa/λf (x)|
|η(a)|2
a
da,
uniformly on x ∈ K . Due to (1.3) for arbitrary small ϵ > 0 one can choose A > 0 such that∫ A
0
|η(a)|2
a
da ≤ ϵ
2CKC−1ψ ‖f ‖−l,2
.
On the other hand, due to Theorem 2.2 there is µ0 such that for all µ > µ0
|Eµf (x)| ≤ ϵ2 ,
uniformly on x ∈ K . Hence for any λ < A/µ0 we have
|W sλf (x)| < ϵ,
uniformly with respect to x ∈ K . Theorem 1.1 is proved. 
Proof of Corollary 1.2. From results of our previous work [8] it follows, that if G(x) ∈ C(Rn) has a compact support, then
for s > (n− 1)/2
lim
λ→+0W
s
λG(x) = G(x) (3.1)
holds uniformly with respect to x on any compact set.
Now suppose f ∈ E ′(Rn)∩H−l(Rn), l > 0 and let the distribution f coincide with a continuous function g(x) in a domain
Ω . Let K be an arbitrary compact set fromΩ , and let Kε be the ε-neighbourhood of the compact K such that K ⊂⊂ Kε ⊂⊂ Ω .
Let G(x) be a continuous and compactly supported function such that G(x) = 0 for all x ∈ Rn \ Ω and G(x) = g(x) for all
x ∈ Kε .
If s fulfils the condition s ≥ (n− 1)/2+ l, then (3.1) implies that
lim
λ→+0W
s
λG(x) = g(x)
holds uniformly with respect to x ∈ K . On the other hand, the function h = f − G belongs to E ′(Rn)∩H−l(Rn) and equals to
zero for all x ∈ Kε . As it follows from Theorem 1.1 of the present paper, limλ→+0 W sλh(x) = 0 uniformly on K . Thus finally
we have
W sλf (x) ≡ W sλh(x)+W sλG(x)→ g(x)
uniformly with respect to x ∈ K . Corollary 1.2 is proved. 
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